The algebraic curve for the psu(2, 2|4) quantum spin chain is determined from the thermo- 
Introduction
Integrable structures in d = 4 N = 4 SU (N ) Super-Yang Mills theory (SYM) have recently been utilized to put to test gauge/string holography [1] realized in terms of the AdS/CFT correspondence [2, 3] . Extending the seminal work of Minahan and Zarembo [4] , the key observation of Beisert and Staudacher [5, 6] is the identification of the 1-loop dilatation operator of planar N = 4 SYM with the Hamiltonian of a quantum spin chain for the Lie super-algebra psu(2, 2|4). Put into the context of the AdS/CFT correspondence, one would expect to find a corresponding integrable structure in the AdS 5 × S 5 string theory. Evidence to this effect was obtained by following the proposals in [7, 8] by
Frolov and Tseytlin [9, 10] and subsequently in [11, 12, 13, 14] ♯ by considering semi-classical string configurations, with large spins on the AdS 5 and/or S 5 . ♮ Another line of research successfully matched the local charges of the integrable systems [20, 21] , and comparisons of the non-local charges have appeared in [22, 23] . Progress towards a quantum Bethe-ansatz
for the (notoriously difficult to quantize) AdS 5 × S 5 string was made in [24, 25, 26] . Integrability seems to persist beyond 1-loop [27, 20, 28, 29] , however a mismatch has emerged at 3-loops, the origin of which has been conjectured to be an order of limits problem [28, 30] ♭ .
The main objective of this paper is to expand on the methods of [32, 33, 34] , the idea of which is the following: An integrable system can be characterized by an algebraic curve, which is constructed out of the transfer matrix, and in particular contains information about the local charges. In the case of quantum spin chains the curve is extracted from the transfer matrix in the thermodynamic limit, which in the context of AdS/CFT would need to be compared to the string sigma-model curve for large spins in the limit λ/J 2 → 0, where √ λ is the string tension and J the angular momentum on the S 5 . One would expect that a necessary condition for the integrity of the AdS/CFT correspondence is the agreement of the algebraic curves of the respective quantum/classical integrable systems.
As a first step, in this note the curve for the full N = 4 SYM theory will be constructed.
The agreement of the gauge and string theory curves in the su(2) and sl(2) subsectors was proven in [32, 33] and was then shown to hold in the so(6) subsector of AdS/CFT by Beisert, Kazakov and Sakai [34] . In this note these methods are applied in a straight ♯ For further references on semi-classical spinning strings see e.g. [15] .
♮ Related QCD-based caculations have appeared in [16, 17] . For references on integrability in QCD see [18, 19] . ♭ A similar order of limits issue is discussed in [31] .
forward manner to the su(2, 2) subsector, which is closed at 1-loop order [5] and the resulting curve is identified with the one for the sigma-model on AdS 5 × S 1 .
The present note is structured as follows: in section 2 the super-spin chain for psu(2, 2|4) is discussed, including a recap of the Bethe ansatz of [6] and a derivation of the transfer matrix eigenvalues. Following a succinct discussion of the termodynamic limit in section 3, the algebraic curve is derived from the Bethe equations in section 4. A comparison to some known properties of the full AdS 5 × S 5 sigma-model curve is given in section 5 and the agreement of the curves in the su(2, 2) subsector and the AdS 5 × S 1 sigma-model, respectively, is shown in section 6. We conclude in section 7. The appendix collects formulae for transfer-matrices of super-spin chains.
The psu(2, 2|4) Spin Chain
In this section some known facts about spin chains with Lie super-algebra symmetries are reviewed, flashing out various points that are different from the more common case of Lie algebras. Apart from fixing notation and spelling out the Bethe equations, we give an explicit expression for the eigenvalue of the transfer matrix for the psu(2, 2|4) spin chain, which will be essential for constructing the algebraic curve.
R-matrix
The Lie super-algebra of interest for the spin chain associated to the dilatation operator of N = 4 SYM is psu(2, 2|4). More precisely, the planar 1-loop dilatation operator of this theory has been shown to be identical to the Hamiltonian of a psu(2, 2|4) integrable spin chain [5, 6] . The integrability was infered by an explicit construction of an R-matrix.
Denote by R ij (u) the R-matrix acting on the tensor product V i ⊗ V j , where V i denotes the psu(2, 2|4)-module located at site i of the spin chain and V 0 = V aux be the auxiliary space. The R-matrix satisfies the Yang-Baxter equations
Further define the transfer matrix along the entire spin chain of length L by
It acts on the auxiliary space, where it will be formally written in block-form
3)
The simplest choice for V aux is the fundamental representation, i.e., the 4|4 for psu(2, 2|4),
for the trace of which we shall provide an expression below.
Bethe equations
For a Lie algebra or Lie super-algebra g, define a set of Bethe roots u (k)
i , k = 1, · · · , r = rank(g) and i = 1, · · · , J k , where J k denotes the excitation number for the kth root. Further, define J = J k as the total excitation number and let L be the length of the spin chain. Then the corresponding Bethe equations were determined in [35] to be
Translational invariance along the spin chain implies further that
The g-dependent data entering these equations are the Cartan matrix M kl and the vector of Dynkin labels V k of the representation that is located at the respective spin chain sites.
Eq. (2.5) yields furthermore a quantization condition for the total momentum P .
The validity of this Bethe ansatz (most of the Bethe ansatz methodology goes thought for super-algebras, up to some sign changes, which are detailed in appendix A) for Lie super-algebras has been established in [36] . The Cartan matrix for psu(2, 2|4) which is most suitable for the present analysis has been discussed in [6, 30] and is based on the Dynkin diagram in Figure 1 .
The nodes ⊗ denote as usual the fermionic roots. The choice of Dynkin diagram for Lie super-algebras is not unique, and an alternative choice is discussed in the appendix, which will be useful for the reduction to su(2, 2) in section 6. The Cartan matrix for the Dynkin diagram in figure 1 can be put into the form
In fact, this is the Cartan matrix only up to rearrangements of rows, which however leave the Bethe equations invariant, cf. [30] .
In the present setup, single-trace operators in the SYM theory are identified with states of a spin chain with periodic boundary conditions, where the spins at each site transform in a representation of psu(2, 2|4). The Dynkin labels of the highest weights will be denoted by SYM transform, and which will thus be the representation at the lattice sites of the spin chain, is the so-called field-strength multiplet and has highest weight vector
Transfer-matrix Eigenvalues
From now on we fix the representation at site i to be V i = F and consider various choices for V aux . The super-trace of the transfer matrix in the auxiliary space 9) contains the integrals of motion, or local/global charges, when expanded in the spectral parameter u. Let us choose V aux = l C N = l C 4+4 to be the fundamental representation and consider the decomposition of T (u) in (2.3) into blocks acting on l
is an (N − 1)-column. The state space is then generated by these oscillators
The action of T (u) upon it is determined from the exchange relations between A and D with C resulting from the Yang-Baxter equations (2.1). Define
The eigenvalue of the trace of the transfer matrix for the u(4|4) spin chain is computed for V aux = 4|4 in appendix A, and for the SYM spin-chain it is
The local charges of the spin chain are extracted from the trace of the transfer matrix with V aux = V F . The direct computation of this is involved, as the representation in question is infinite-dimensional. However, the relation between T F and the local charges Q r is 13) where the expansion of the transfer matrix trace is around the point u 0 , where the Rmatrix reduces to a projector. The coefficients Q r in this expansion give rise to the local charges. This expansion is an important input for the construction of the algebraic curve and has been quoted in [37, 30] 
Note that this is precisely the term that appears in the cyclicity constraint (2.5). For R = F the asymptotics are
Further, the asymptotics of the higher local charges are
Thermodynamic Limit
The first step in determining the algebraic curve of the above system is to consider the thermodynamic limit L → ∞. This procedure has been explained for the su(2) spin chain in [32] and will now be discussed for general g. Taking the logarithm of (2.4) yields
where n (k) i ∈ Z Z are the mode numbers, arising due to taking the logarithm. Define
i /L and perform the large L and J limit of this equation
For fixed n k define the densities
and the corresponding resolvents
In the limit, the following replacement is made
where C k denotes the curve along which the Bethe roots condense. The densities are normalized as
The resolvent become
and the Bethe equations limit to --
where C = ∪ k C k and each of the curves C k associated to simple roots is on the other hand
The principal value − results from the restriction of the sum in (3.2) to j = i. Equivalently we have
Slashes denote principal values, that is
For the discussion of the algebraic curve and its properties we shall require the asymptotics of the resolvents around u = ∞. The analysis is identical to the one in [34] .
At infinity their expansion is
The relation between the excitations numbers and the Dynkin labels (2.7) was obtained in
(3.12)
The Algebraic Curve
The algebraic curve is implicitly defined in the Bethe equations (3.9). In the standard procedure to relate (3.9) to an algebraic curve a set of quasi-momenta
is defined. One way to determine them directly is to compute the transfer matrices for psu(2, 2|4) in the representation R and extract the p i from their large L limit. For the so(6) sector this was done in [34] . Here the same procedure is applied to the transfer matrix eigenvalue (2.12).
First, we spell out the Bethe equations (3.9) in detail
j .
(4.1)
Each of the above lines with mode number n
corresponds to the kth root and it is assumed that u ∈ C (k) j . I.e., for each root the densities ρ k (u) have support on the union of curves
The aim is now to rewrite these equations in terms of the quasi-momenta p k (u), which will be defined shortly, such that they take the form
where the singular terms in (4.1) have been absorbed into the resolvents,G k (u).
The quasi-momenta p k are obtained from the eigenvalue T 4|4 of the transfer matrix (2.12) in the large L limit
The terms in (2.12) limit to
The representation relevant for the SYM spin chain has Dynkin labels V F , see (2.8) . Define the singular resolvents bỹ
The quasi-momenta for this representation then turn out to be
and need to satisfy the Bethe equations (4.1) in their incarnation (4.2). Note that
With these redefinitions, the Bethe equations take the compact form of a Riemann-Hilbert
The functions p k (u) with k = 1, · · · , 8 thereby determine a function p F (u) defined on a
Riemann surface, where each p k is p F (u) restricted to the kth sheet.
The asymptotics of the quasi-momenta at u = ∞ are obtained from (3.11) and (3.12)
Thus, all quasi-momenta have the asymptotics
From the relation between the quasi-momenta and resolvents the asymptotics at
The asymptotics of the local charge expansion (2.16) is obtained as follows, taking into account that the expansion around u 0 becomes an expansion around u = 0 in the thermodynamic limit. Eq. (2.15) in the thermodynamic limit yields by (4.5)
In summary, by (4.10) and (4.11), the function p(u) defined by the quasi-momenta on each of the eight sheets is therefore not regular. An algebraic curve can be engineered out of it by removing the singularities. Consider
or written on each of the sheets
y(u) then has no poles and satisfies an octic equation
where However, as explained in sec. 4.5 of [30] , these terms may well contribute in the thermodynamic limit, yielding terms of O(1/u). However assuming that the term will be a combination of quasimomenta p k , the O(1/u) term can be determined indirectly from the asymtotics of p k (u) at u = 0.
curve thus has 8(2d + 1) − 1 parameters left. As explained in [34] it is necessary to ensure the right number of square-root branch cuts, which are determined from the square-root poles in y. These are d in number. The absence of other unwanted cuts is obtained by requiring the discriminant for the polynomial on the LHS of (4.15) In the spirit of the discussions in [32, 33, 34] the idea is that the properties of the quasimomenta determine various properties of the curve, as e.g., seen in the last section. Thus, a necessary requirement for the matching of the two curves is that the asymptotics of the
On the string theory side, some important properties of the quasi-momenta were determined recently by Arutyunov and Frolov [38] by constructing a Lax representation of the full string sigma-model. We shall compare the there-obtained asymptotics of the quasi-momenta with the ones derived in section 4. ‡ Thanks to the authors of [34] for making v3 of their paper available in advance, where this is discussed in the SO(6) case.
Asymptotics of the Sigma-Model Quasi-Momenta
Denote the spectral parameter of the string sigma-model by x. Then the asymptotics for the quasi-momenta were obtained in [38] for x, which will be compared to the asymptotics in the spectral parameter u used so far in this paper.
The expressions for p k (u) for u = ∞ obtained in (4.10) are mapped to the ones in [38] by identifying the representation labels in (3.12) with the various spins of AdS 5 (S 1 , S 2 ) and S 5 (J 1 , J 2 , J 3 ) by means of
By [38] , the asymptotics of the quasi-momenta q i (x) of the sigma-model at x = 0 and
The quasi-momenta q k (x) in (5.2) for k = 3, 4, 5, 6 reproduce the ones for the five-sphere, and for k = 1, 2, 7, 8 for AdS. The asymptotics at x → ±1 are vastly more complicated ((5.5) and (5.8) in [38] ).
⋆ An overall minus sign is introduced compared to [38] , which does not spoil the symmetry of p k (x) under x → 1/x and simplifies the comparison to the gauge theory.
Comparison to the psu(2, 2|4) Spin Chain
The comparison between gauge theory and string theory is made by taking the limit L → ∞ in the SYM theory (which has been accounted for by considering the spin chain in the thermodynamic limit) and likewise the large angular momentum limit of the string theory. More precisely, define J = J i and S = S i , and consider the limit
First, the relation between the spectral parameters u and x needs to be sorted out. From the asymptotics of the quasi-momenta at ∞ one naively reads off
. In order to match the x, u → 0 asymptotics, one infers that
Rescaling the various spins (S i , ∆ 0 , J i ) by J, the asymptotics at u, x = ∞, (4.10) and (5.2), agree.
At u = 0 the comparison is a bit more subtle. From the gauge theory result (4.11)
we expect simple poles with strengths ±1/2 at u = 0. Setting u = ± √ λ 4πJ
, which amounts to u → 0 in the limit (5.3), implies by (5.4) that this is to be compared with the limit x → ±1 of the string theory quasi-momenta, which are rather involved expressions, whose λ/J 2 → 0 limit is not easily extraced. We shall discuss this elsewhere in more detail.
Clearly it would be desirable to construct the complete curve for the sigma-model on AdS 5 × S 5 , and perform a comparison of the curves, as is done in the case of IR × S 5 in [34] and for AdS 5 × S 1 in section 6.
The Algebraic Curve for the su(2, 2) 'Subsector'
In this section the reduction of the algebraic curve to the subsector which is the dual to spinning strings on AdS 5 × S 1 is considered. The curve and Bethe ansatz are obtained for the sigma-model and are shown to agree with the ones of the su(2, 2) spin chain. A word of caution is in place here: we should point out that the trunction to su(2, 2) does not yield a subsector of N = 4 in general, however it is a closed subsector at 1-loop [5] . One can truncate the spin chain to this symmetry algebra and show that the quasi-momenta have the same asymptotics with the ones obtained for the AdS 5 × S 1 sigma-model. The corresponding spinning string solutions with multiple AdS-spins and one spin on the S 5 were first obtained in [10] .
The su(2, 2) Spin Chain
The reduction from psu(2, 2|4) to su(2, 2) is most transparent by picking the distin- In order to determine the asymptotics of the quasi-momenta, one requires to first find the relation between the representation labels and excitation numbers. In [5] the excitation numbers n a etc. for the oscillators were obtained for a state of the type
. Furthermore, the combination of oscillators corresponding to the roots α k of su(2, 2) are
so that the excitation numbers J ′ k for the roots are
In summary, the relation between excitation numbers for the roots and the representation labels are thus
♭ Recently the su(2, 2) spin chain has also been discussed in the context of integrability in large N QCD [39] . There, the representation at each site is F as in appendix B. ♯ Thanks to N. Beisert for explaining this point to me.
The singular resolvents and quasi-momenta are extracted from the transfer matrix in appendix A, where all the G
and p
The corresponding Bethe equations in the large L limit take the form as expected from the general considerations in (3.9)
where with the definition of the singular resolvents (6.3), the RHS is precisely given by
The asymptotics of the quasi-momenta are extracted in the same way as before from (3.11) and (6.2) 
The asymptotics at u = 0 are obtained from (2.14) . At finite L the expansion is
which for L → ∞ limits to
Thus at u = 0 the combination of resolvents
gives rise to the local charges Q r . The asymptotics of all quasi-momenta at zero are
(6.10)
The curve for this subsector is written in terms of
Again the moduli-count is as before and pretty much identical to the so(6) case discussed in [34] : 
Classical Sigma-model on AdS
Classically the string moving on AdS 5 × S 1 is described by a coset model on
The construction that will be most suited for a discussion of the integrable structure is based on the Lax-pair representation obtained recently by Arutyunov and Frolov in [38] .
For the comparison we quote the relevant properties of the sigma-model integrable system in [38] . Denote the spectral parameter on the sigma-model side by x. Then the asymptotics of the quasi-momenta at x = ∞ are 13) and at x = 0 (there are no non-trivial cycles and thus no windings in the AdS part)
14)
as well as x = ±1, with m the winding number of the string on the S 1 ,
The spins are related to the ones appearing in the gauge theory expressions by (5.1).
The Lax connections formed out of left and right invariant currents for the sigmamodel are related by a gauge tranformation and by replacing x → 1/x [38] . The associated transfer matrices are therefore related by the same transformation, and the eigenvalues must agree up to the replacement x → 1/x
With these asymptotics of the quasi-momenta, the curve is constructed as follows: First remove again the singularities, which now occur at x = 0 as well as x = ±1, and define the variables z k which are regular on each of the four sheets defined by the quasi-momenta
. z satisfies a quartic equation of the type (6.11). The moduli count runs in an identical fashion to the one for the so(6) curve in [34] and we refrain from repeating it here and point out some differences: the symmetry (6.16) gives rise to the distribution of cuts such that the cut C i connects the sheets i and i + 1. However as one readily verifies, the moduli count is unchanged by this. Futher, the main difference is the asymptotics of q k at x = ±1, which will in particular enter the Bethe equations. A point worth elaborating upon is the identification of the additional condition on the d filling fractions. In the gauge theory, the constraint arose from the momentum quantization condition, which reduced the choice of filling fractions to d −1. It was derived by integrating the Bethe equations in the Riemann-Hilbert form. In the next subsection we shall derive the sigma-model analog of these.
Bethe Equations for the Sigma-Model
Using the isomorphism between su(2, 2) and so(4, 2), the construction of the Bethetype equations for the sigma-models proceeds along the lines of so (6) . Applying the methods put forward in [34] and the asymptotics at x = ±1 in (6.15) the resolvents satisfy
where V = (0, −1, 0) is again the vector of Dynkin labels for the representation and
The equations (6.17) are manufactured such that they are equivalent to
j . The analog of the momentum constraint is then obtained by integrating the equations with C k ρ k (x)· (where ρ k (x) are the densities for the singular resolventsG k (x)) and using the normalization, C k ρ k (x)/x = −G k (0), which can be computed from the asymptotics of the quasi-momenta at x = 0 and (6.18). † These equations are the analogs of (5.21) in [34] , where the non-singular part of the resolvent has been merged into G k and the part containing the singular term at x = ±1 is explicitly written out on the RHS.
Comparison Gauge/String Theory
To show that the algebraic curves agree, the defining equations need to be matched, as well as the asymptotics of the quasi-momenta need to agree. The comparison is made at small λ as before. The spectral parameters u and x are related by
Firstly, the number of sheets defining the curves, which is determined by the number of quasi-momenta, agrees. Secondly, the asymptotics at u = ∞, (6.6) and (6.13), match after rescaling ∆ 0 , S 1 , S 2 by J.
The asymptotics at u = 0 are compared as follows. On the gauge theory side, the asymptotics were determined in (6.10). The comparison to the gauge theory requires to take the sigma-model quantities in the limit
The asymptotics for the quasi-momenta at u = 0 are obtained by setting u = ± √ λ 4πJ (which in the limit (6.20) becomes u → 0) i.e., by considering the asymptotics (6.15) at x = ±1 in the sigma-model. Then
(6.21)
So that in the limit λ/J 2 → 0 we have
The combination entering the generating function of local charges in (6.9) has asymptotics
→ 0, which is in agreement with the gauge theory asymptotics in (6.9) . Together with the fact that the defining equations for y k and z k are mapped into eachother, this implies the agreements of the curves in the su(2, 2) subsector.
As an aside, note, that the comparison at u = 0 breaks down for the su(2, 2) spin chain with representation F ′ . The latter asymptotics were computed in appendix B and do not yield the correct pole strengths compared to (6.22) .
Finally, the Bethe equations (6.5) and (6.17) , are shown to agree. This follows by rewriting (6.17) in terms of u and then expanding the RHS, i.e.
. is not known and it may in fact not be consistent to discuss the su(2, 2) sector at more than 1-loop. Nevertheless, truncating to sl(2), we get agreement with the result of [33] ,
where it was suggested that the m-dependent term may be foreboding a breakdown of the correspondence at two-loops. Very recently however it was shown by Staudacher in [40] , that in the (2) sector the agreement goes through up to two-loops, the main point being that as proposed in [28] , the map between the spectral parameters u and x is modified when including higher loop effects.
Conclusions
The main two objectives of this note were to adapt the methods in [34] in order to construct the algebraic curve for the psu(2, 2|4) super-spin chain as well as to show the matching of the curve of the su(2, 2) subsector and the sigma-model for spinning strings on AdS 5 × S 1 , respectively. The latter analysis was a rather straight-forward application of the results on the su(4) subsector, similar to the resemblence in the discussions for the su(2) and sl(2) cases. The main difference being the distinct asymptotics at x = ±1, which resulted in a prediction for higher loops. A comparison to the gauge theory should be preceded by an analysis along the lines of [29] , checking, whether in the thermodynamic limit the SU (2, 2) sector is closed at higher loops.
In appendix B an alternative algebraic curve was presented, which resulted from the su(2, 2) with representation F ′ . The asymptotics of the quasi-momenta for these are distinct from the ones of the string sigma-model. It may be of insterest to understand the relevance of this spin-chain, which is obtained from the "Beast"ly Bethe ansatz in [6] and thus seems to be most suitable for describing states with large hyper-charge B. Identifying the corresponding string configurations may elucidate the rôle of B on the string side.
Finally, needless to mention, to complete the discussion on the psu(2, 2|4) spin chain, it would be formidable to construct the curve for the full AdS 5 × S 5 string, presumably relying on the constructions in [38] . Very recently an extremely interesting proposal has appeared [40] , emphasizing the S-matrix aspect of integrability. It may well be interesting to study the properties of the full psu(2, 2|4) curve in this light.
by the Bethe roots v
, and is (for the distinguished Dynkin diagram)
The Bethe equations for this algebra read
The conventions are mapped to the ones used standard-wise in the applications to gauge theory by replacing
E.g. then the eigenvalue of the transfer matrix (A.2) reduces for su(2) to the standard
(A.5)
Similarly, for su(4) it yields the expressions
for the maps u → −iu as well as
Finally, for u(2, 2|4) = gl(4|4) the transfer matrix eigenvalue in (A.2) result for the slightly different choice of Cartan matrix (corresponding to the distinguished 'Beastly' Dynkin diagram) for the sl(4|4) sub-super-algebra
(A.9)
Finally, the quasi-momenta for this case are computed. In the thermodynamic limit L → ∞ the transfer matrix takes the from T = k ǫ k e ip k , with signs ǫ k depending on the chosen In the main body of the paper we discussed the su(2, 2) spin chain and its associated algebraic curve, when the representation at each spin chain site has highest weight V Z = (0, −1, 0). An alternative choice, which from the SYM point of view is perfectly sensible as well is to truncate the F representation of psu(2, 2|4) to su(2, 2). As explained before, the reduction to this Lie sub-algebra is most transparent with the distinguished ("Beast") choice for the Dynkin diagram of psu(2, 2|4) [6] . The highest weight of F in this case is V F = (0, −3, 2; 0; 0, 0, 0). This appendix contains a succinct discussion of the algebraic curve when the representation at each site is the sub-module of F, obtained by acting with su(2, 2) on V F .
The vacuum for this sector is built on the ground state corresponding to TrF L , which has vacuum energy 3L and is distinct from the one in section 6 (which on the contrary is half-BPS and has vanishing vacuum energy).
The relation between the excitation numbers and weights for the distinguished Dynkin diagram were obtained in [6] and the relevant parts for the present su(2, 2) chain are
where this is for states with B = L = 1, i.e., B is chosen large before taking the thermodynamic limit.
(B.5)
The asymptotics at u = 0 are obtained from (2.14). At finite L the expansion is Note that the asymptotics at u = ∞ agree with the ones for the representation Z (up to an overall sign), however the ones at u = 0 (6.10) and (B.9) are distinct.
The curve for this subsector is written in terms of y k = u The moduli-count is identical to the one for the curve in section 6. However, due to the different asymptotics of the quasi-momenta, the curves are distinct. It may be interesting to determine the dual string configuration to the spin-chain discussed in this appendix.
